
RANDOM SUBGROUPS OF BRANCH GROUPS

JORGE FARIÑA-ASATEGUI AND SANTIAGO RADI

Abstract. We show that independent Haar-random elements in a super strongly
fractal branch profinite group generate a free subgroup acting freely on the
boundary of the tree. This improves a previous result of Abért (2005) for
weakly branch profinite groups, where independent random elements were
shown to generate free subgroups acting only almost freely on the boundary.
Our result also generalizes the analogous result of Abért and Virág (2005) for
iterated wreath products.

1. introduction

Random subgroups of groups are subgroups obtained by a probabilistic con-
struction. One is usually interested in the following questions: How does a typical
subgroup look like? What properties does a typical subgroup have?

Erdős and Turán started the field of statistical group theory in a series of pa-
pers beginning in 1965. They established many important properties of (uniform)
random elements of symmetric groups. For example, they computed the asymp-
totic distribution of the order of random elements in Sym(n) as n → ∞ [12]. In
1969, Dixon proved a seminal result in random generation of finite groups [9]: two
random elements of the alternating group An generate An with probability tending
to 1 as n → ∞. Dixon’s result has been successfully extended to all non-abelian
finite simple groups [30, 33]. This line of investigation has been followed until today,
resulting in many remarkable results; cf. [2, 8, 24, 32].

Probabilistic questions in finite groups generalize easily to infinite profinite groups.
Indeed, profinite groups may be studied via their finite quotients and they admit
a well-behaved probability space structure with respect to a unique normalized
Haar measure. A first natural probabilistic question to consider in infinite profinite
groups is what kind of algebraic properties the subgroups generated by independent
Haar-random elements satisfy. Furthermore, profinite groups often arise as groups
acting on some set, so one may also wonder what kind of properties the action
of such random subgroups has. A remarkable result in this vein was obtained by
Abért in [1].

We say that an action of a group G on a set X is separating if the pointwise
stabilizer of any finite subset S ⊂ X does not fix any point in the complement of S.
The action of a compact group G on X is topological if every point stabilizer is
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closed in G and of Haar measure zero. If the action of the compact group G on X
is transitive, the set X can be identified with the coset space G/Stab(x) for any
x ∈ X, and X inherits a G-invariant probability measure λ from the Haar measure
in G. In this case, the group G is said to act almost freely on X if there exists a
conull subset Y ⊆ X (with respect to λ) such that Y is G-invariant and G acts
freely on Y . The aforementioned result of Abért reads as follows:

Theorem 1.1 (see [1, Theorem 1.3]). Let G be a compact group acting topolog-
ically on a measurable space X via a separating action. Then, for any k ≥ 1, k
independent random elements in G generate a free subgroup H of rank k almost
surely. Moreover, if the G-action on X is transitive, then almost surely H acts
almost freely on X.

For many applications, the action of random subgroups needs to be (almost
surely) free rather than almost free. However, the main tool used by Abért in
his proof of Theorem 1.1 is Fubini’s theorem, so one can only study the action of
random elements up to a set of measure zero in X. Therefore, a different method
is needed.

In the case of iterated wreath products acting on a regular rooted tree T , Abért
and Virág introduced a new approach in [2] to study random elements of iterated
wreath products based on stochastic processes. They defined the orbit tree of a
random element (and of a random subgroup) and showed that it has the same
distribution as a Galton-Watson process. This allows one to use the theory of
Galton-Watson processes and branching random walks to deduce certain properties
about random subgroups of iterated wreath products. In particular, they showed
that the action on the boundary of the tree of a random subgroup of a level-
transitive iterated wreath product is free almost surely; see [2, Corollary 4.2].

The downside of the approach in [2] is that it is very specific to iterated wreath
products: the orbit tree of a random element in G is Galton-Watson if and only if G
is an iterated wreath product. However, even if the orbit tree of a random element
is not Galton-Watson, one might still hope to obtain probabilistic independence of
sections which are far enough from each other. In this paper, we show that a suffi-
cient condition for this probabilistic independence is that the group is super strongly
fractal and branch; see Lemma 3.1. This should not come as a surprise, as super
strongly fractal groups give rise to strongly mixing measure-preserving dynamical
systems, by considering the natural action of the tree on the group via sections
[13]. Furthermore, the first author has shown in [14] that the dynamical systems
associated to fractal branch groups are Markov-processes over a free semigroup; see
[7] for more details on Markov processes over free groups and semigroups.

Our main result in this paper generalizes the result of Abért and Virág in [2,
Corollary 4.2] and shows that for certain branch groups the action on ∂T of the
random subgroups in Theorem 1.1 is indeed free. Note that we call a subgroup
generated by k independent Haar-random elements a k-generated random subgroup.

Theorem 1. Let G ≤ Aut(T ) be a super strongly fractal branch profinite group.
Then almost surely, for every k ≥ 1, a k-generated random subgroup of G is a free
group of rank k which acts freely on ∂T .

As level-transitive iterated wreath products are super strongly fractal and branch,
Theorem 1 widely generalizes [2, Corollary 4.2], and gives a more detailed descrip-
tion of the action of the random subgroups in Theorem 1.1 for a more restrictive
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family of groups. Theorem 1 applies to the closure of the most studied examples of
branch groups such as the first Grigorchuk group [20, 38], the periodic Grigorchuk-
Gupta-Sidki groups [17, 38], the iterated monodromy group of the complex poly-
nomial z2 + i [3, 36], or the Hanoi towers group in 3 pegs [23, 36].

As the examples presented in Section 4 show, freeness of the action of random
subgroups need not hold if one drops either of the assumptions in Theorem 1.

We remark that even if the approach to prove Theorem 1 is based on probabilistic
independence of sections as in [2, Corollary 4.2], the proof of this probabilistic
independence requires completely different tools compared to [2, Corollary 4.2]. In
fact, our proof relies heavily on the techniques developed by the first author in [13].

It is worth mentioning that Theorem 1 opens the door to using similar ideas as
in [2] to study random elements of a wide class of branch groups. This has further
potential applications to random matrix theory, via the study of the natural matrix
representations of the congruence quotients of super strongly fractal branch groups
[11].

We now show two applications of Theorem 1. Recall that a group is said to
be amenable if it admits a left-invariant mean. In [20], Grigorchuk constructed
the first example of an amenable but not elementary amenable group. This group,
nowadays known as the first Grigorchuk group, was also the first example of a
group of intermediate growth. In general, any group of subexponential growth is
amenable as an application of Kesten’s criterion [31]. On the other hand, it is well
known that non-abelian free groups are not amenable. By Theorem 1.1, this implies
that if G is a compact topological group satisfying the assumptions in Theorem 1.1,
then a k-random subgroup, with k ≥ 2, is not amenable almost surely.

Even if a group G is not amenable, it may admit amenable actions, i.e. there may
exist a G-set X which admits a G-invariant mean. Quite remarkably, non-abelian
free groups do admit faithful and transitive amenable actions by a posthumous
result of Douwen; see [10]. Further examples of non-amenable groups admitting a
faithful and transitive amenable action were obtained by Glasner and Monod in [19]
as free products of groups not having property (F). Further faithful and transitive
amenable actions of non-abelian free groups were constructed by Grigorchuk and
Nekrashevych in [22] using groups acting on rooted trees.

In view of Theorem 1.1 and the aforementioned examples of amenable actions
of non-abelian free groups, one may wonder whether the action on the boundary of
the random subgroups in Theorem 1.1 of the tree can be amenable or not. Since a
group admitting a free amenable action is amenable and a non-abelian free group is
not amenable, Theorem 1 yields a negative answer for super strongly fractal branch
profinite groups:
Corollary 2. Let G ≤ Aut(T ) be a super strongly fractal branch profinite group.
Then for every k ≥ 2, the action of a k-generated random subgroup of G on ∂T is
not amenable almost surely.

A second application is to arithmetic dynamics and number theory. Free actions
of random elements of the Galois groups associated to the iterates of a rational
function f are often enough to obtain results on different prime density questions
concerning the iterates of the rational function f ; see the surveys [4, 26] and [5, 16,
27, 25, 28, 29, 34]. Translated to the language of groups acting on rooted trees, if
G ≤ Aut(T ) is a closed subgroup, one is interested in whether a random element
of G acts freely on the boundary ∂T almost surely. More generally, if we denote by
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µ the Haar measure on G, we may define the fixed-point proportion of G as

FPP(G) := µ({g ∈ G : g fixes an element in ∂T}).

One is usually interested in whether FPP(G) = 0.
A recent result of the second author in [35] shows that certain branch groups

arising as Galois groups of the iterates of a polynomial can have non-zero fixed-
point proportion; see the second example in Section 4. In the same paper, it is also
asked whether a k-random subgroup of a group with null fixed-point proportion
must also have null fixed-point proportion almost surely; see [35, Question 7.3]. We
answer this question strongly in the negative in Section 4 by providing a locally finite
super strongly fractal group whose finitely generated random subgroups have always
non-zero fixed-point proportion. This example shows that a major obstruction for
finitely generated random subgroups to have null fixed-point proportion is the group
being locally finite. This leads to the following reformulation of [35, Question 7.3]:

Question 1.2. Let G ≤ Aut(T ) be a non-locally finite closed subgroup with null
fixed-point proportion. Let H be a k-random subgroup for some k ≥ 1. Is it

FPP(H) = 0

almost surely?

In view of this, we restrict ourselves to topologically finitely generated infinite
profinite groups. The following result suggests a positive answer to Question 1.2 in
this case:

Theorem 3. Let G ≤ Aut(T ) be a topologically finitely generated group such that

FPP(G) = 0.

Then, a k-generated random subgroup of G has null fixed-point proportion with
probability tending to 1 as k → ∞.

The proof of Theorem 3 is based on a result of Borovik, Pyber and Shalev in
[6] related to positive finite generation of profinite groups. If G is a topologically
finitely generated closed subgroup of Wp, where Wp is the iterated wreath product
generated by a p-cycle with p prime, then G is pro-p and thus a version of Theorem 3
may be proved by elementary means:

Corollary 4. Let G ≤Wp be a topologically d-generated pro-p group such that

FPP(G) = 0.

Then, if k ≥ d, a k-generated random subgroup of G has null fixed-point proportion
with probability at least

d−1∏
j=0

(
1− 1

pk−j

)
.

In particular this probability tends to 1 as k → ∞.

In view of Theorem 1, we believe that random subgroups of super strongly fractal
branch profinite groups have null fixed-point proportion almost surely, but the tools
developed in this paper are not enough to prove this assertion.
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Organization. In Section 2 we give the necessary background needed in the subse-
quent sections. In Section 3, we prove the key lemma on probabilistic independence
of sections and use it to prove Theorem 1. We also provide a proof of Theorem 3
in Section 3. Finally, in Section 4 we provide examples showing that none of the
conditions in Theorem 1 may be dropped.

Notation. Groups will be assumed to act on the tree on the right so composition
will be written from left to right. We shall write v · g for the action of a group
element g on a vertex v of the tree. Finally, we denote by #S the cardinality of a
finite set S.

2. Preliminaries

2.1. Regular rooted trees. The d-regular rooted tree T is the infinite rooted tree
with root ∅, where every vertex has exactly d descendants. The d-regular rooted
tree T may be identified with the free monoid on the set X = {1, . . . , d}. The set of
vertices at a distance exactly n ≥ 1 from the root forms the n-th level of T , which
will be denoted Ln. The vertices whose distance is at most n from the root form
the n-th truncated tree Tn. We define the boundary ∂T of the tree T as the set
of infinite words in X. For any vertex v in T , the subtree rooted at v, which is
isomorphic as a tree to T , is denoted Tv.

The following notion will play a central role in the present paper:

Definition 2.1 (m-cousins). We say that two distinct vertices v, w ∈ Ln are m-
cousins if there exists 1 ≤ j ≤ m and u ∈ Ln−j such that both v and w are
descendants of u. This is equivalent to saying that the vertices v and w are at
distance at most 2m in the tree.

v1

w1

v2 6= v1

w2

Not m-cousins

Figure 1. An illustration of vertices which are not m-cousins: w1

and w2 are at least m levels below v1 and v2 respectively.

2.2. Groups acting on regular rooted trees. The group of automorphisms
of T , denoted Aut(T ), is the group of graph automorphisms of T , i.e. functions
fixing the root and preserving adjacency. In particular Aut(T ) acts by permuting
vertices at the same level of T .

The following observation will be useful to show that certain vertices are not
m-cousins:
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Lemma 2.2. Let g ∈ Aut(T ). If v ∈ Ln is moved by g, then for any w ∈ Lm we
have that vw and (vw) · g are not m-cousins.

Proof. As v 6= v · g, we have dT (v, v · g) ≥ 1, where dT (·, ·) denotes the usual graph
distance in T . As T is a tree, for every pair of vertices in T , there is a unique path
from one to the other. Hence, we get

dT (vw, (vw) · g) = dT (vw, v) + dT (v, v · g) + dT (v · g, (vw) · g)
= 2m+ dT (v, v · g) ≥ 2m+ 1. □

Given a vertex v ∈ T , we write st(v) for the stabilizer of the vertex v. Further-
more, given n ≥ 1, we define St(n), the stabilizer of level n, as the subgroup of
Aut(T ) consisting of those automorphisms fixing level n pointwisely. Each level-
stabilizer St(n) is a normal subgroup of finite index in Aut(T ). The filtration
{St(n)}n≥1 induces a metrizable topology in Aut(T ) called the congruence topol-
ogy. The group Aut(T ) is a countably based profinite group with respect to this
topology.

For each n ≥ 1, we define the natural projection
πn : Aut(T ) → Aut(T )/ St(n).

Note that if g ∈ Aut(T ), then πn(g) represents the action of g on the first n levels
of the tree. Therefore πn induces an isomorphism Aut(T )/ StG(n) ∼= Aut(Tn).

Let v ∈ T and g ∈ Aut(T ), the section of g at v is the unique automorphism
g|v ∈ Aut(Tv) such that

(vw) · g = (v · g)(w · g|v),

for all w ∈ Tv. For all g, h ∈ Aut(T ) and w ∈ Tv we have
g|vw = (g|v)|w and gh|v = g|v · h|v·g.(2.1)

By the second equality in Equation (2.1), it is easy to show inductively that
(g1g2 · · · gn)|v = g1|v · g2|v·g1 · · · gn|v·g1g2···gn−1 .(2.2)

Under the identification Tv = T , we get g|v ∈ Aut(T ). In other words, we may
define a map

φv : Aut(T ) → Aut(T )

g 7→ g|v.

The map φv restricts to a group homomorphism on st(v).
More generally, for any g ∈ G, n ≥ 1 and v ∈ T we define the section of g at v

of depth n, as the unique automorphism g|nv ∈ Aut(Tn
v ) such that

(vw) · g = (v · g)(w · g|nv ),

for all w ∈ Tn
v . For n = 1 we call g|1v the label of g at v. Furthermore, for

any n,m ≥ 1, and any subset of vertices V ⊆ Ln, we further define the map
φn,m
V : πn+m(St(n)) → Aut(Tm)#V via

g|n+m
∅ 7→

∏
v∈V

g|mv .

Let us fix a subgroup G ≤ Aut(T ). We say that a group G ≤ Aut(T ) is level-
transitive if the action of G on each level n ≥ 1 is transitive. We define ver-
tex stabilizers and level stabilizers by restricting the ones defined for Aut(T ), i.e.
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stG(v) := st(v) ∩ G and StG(n) := St(n) ∩ G for v ∈ T and n ≥ 1 respectively.
Given v ∈ T , we define the rigid vertex stabilizer ristG(v) as the subgroup of G
consisting of all the automorphisms in G which fix every vertex not in Tv. The
n-th rigid level stabilizer RistG(n) is the group generated by all the rigid vertex
stabilizers ristG(v) with v ∈ Ln. Clearly RistG(n) is a normal subgroup of G, as
ristG(v)

g = ristG(v · g) for any v ∈ T and any g ∈ G. We say that G is a branch
group if G is level-transitive and RistG(n) is of finite index in G for all n ≥ 1.

A group G ≤ Aut(T ) is self-similar if for every v ∈ T and g ∈ G, we have g|v ∈ G
(under the identification Tv = T ). Note that if G is a self-similar group, then the
image of the map φv is contained in G for every v ∈ T . A group G is called fractal
if G is self-similar, level-transitive and for every v ∈ T , we have φv(stG(v)) = G. A
group G is called super strongly fractal if G is self-similar, level-transitive and for
all n ≥ 1 and v ∈ Ln, we have φv(StG(n)) = G.

Clearly, super strongly fractal implies fractal, but the converse implication is not
true; see [38, Section 3].

A subgroup K ≤ Aut(T ) is said to be branching if ψ(K) ≥ K × · · · × K. A
self-similar, level-transitive group G is regular branch if it contains a finite-index
branching subgroup K ≤ G. In particular, regular branch groups are branch.

2.3. Groups of finite type. Let T be a d-regular rooted tree. For every D ≥ 1
and P ≤ Aut(TD), we define the corresponding group of finite type GP as

GP :=
{
g ∈ Aut(T ) : g|Dv ∈ P for all v ∈ T

}
.

The case D = 1 corresponds precisely to iterated wreath products.
The following result relates groups of finite type and closed regular branch groups

of Aut(T ):

Theorem 2.3 (see [37, Theorem 3] and [21, Proposition 7.5]). Let G ≤ Aut(T ) be
a closed subgroup. Then, the following are equivalent:

(i) G is of finite type of depth D;
(ii) G is regular branch over StG(D − 1).

In the case of fractal groups, we have the following equivalence of branchness
given by the first author in [15]:

Theorem 2.4 (see [15, Theorem 3.7]). For fractal closed subgroups of Aut(T ), the
notions of finite type, regular branch and branch are all equivalent.

2.4. Probability on groups acting on the d-regular rooted tree. Any closed
subgroup G ≤ Aut(T ) is a profinite group, so it admits a unique normalized Haar
measure µ. The Haar measure µ is supported on the Borel σ-algebra BG, which
is generated by cone sets, where the cone set CA corresponding to A ⊆ πn(G) is
defined as

CA := π−1
n (A) = {g ∈ G : πn(g) = a for a ∈ A}.

Moreover

µ(CA) =
#A

|πn(G)|
.

Let (Ω,P,F) be a probability space and {Xi}i∈I a finite family of random vari-
ables, where Xi : Ω → Ω for all i ∈ I. We say that {Xi}i∈I is a collection of
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independent random variables if for any collection of measurable sets {Ai}i∈I ⊆ F ,
we have

P

(⋂
i∈I

(Xi ∈ Ai)

)
=
∏
i∈I

P(Xi ∈ Ai).(2.3)

It is well-known that in order to prove independence of {Xi}i∈I , it is enough to
check Equation (2.3) in a generating set of the σ-algebra F .

In this article, we will be interested in the probability space (G,µ,BG) associated
to a closed subgroup G ≤ Aut(T ). The following property, proved by the first
author in [13], will be key in the proof of Theorem 1:

Theorem 2.5 (see [13, Theorem A]). Let G ≤ Aut(T ) be a closed fractal subgroup.
Then, for every v, the section map φv : G→ G is measuring-preserving.

If k ≥ 1, then the unique Haar measure in Gk is no more than the product
measure µk, i.e.

µk(A1 × · · · × Ak) =

k∏
i=1

µ(Ai).

As a corollary to Theorem 1.1, Abért concludes (in the more general context of
weakly branch groups) the following result:

Corollary 2.6 (see [1, Corollary 1.4]). Let G ≤ Aut(T ) be a closed branch group.
Then, for any k ≥ 1, k independent Haar-random elements in G generate a free
subgroup H of rank k almost surely.

2.5. Fixed-point proportion. Given a group G ≤ Aut(T ), its fixed-point propor-
tion is defined via

FPP(G) = lim
n→∞

#{g ∈ πn(G) : g fixes a vertex in Ln}
|πn(G)|

.

Clearly FPP(G) = FPP(G) for the closure G of G in Aut(T ), as the definition of
the fixed-point proportion only depends on the quotients with the level stabilizers.

By [18, Lemma 16.2], if S is a measurable subset of G, then

µ(S) = lim
n→∞

#πn(S)

|πn(G)|
,

where µ is the unique Haar measure in G. In particular, if we write

F : =
{
g ∈ G : g fixes a vertex in Ln for all n ≥ 1

}
= µ(

{
g ∈ G : g fixes an end in ∂T

}
),

we obtain
FPP(G) = µ(F ).

The main tool to compute the fixed-point proportion of self-similar groups is the
following result proved by the authors in [16]:

Theorem 2.7 (see [16, Theorem 1]). Let G ≤ Aut(T ) be a super strongly fractal
group. Then

FPP(G) = 0.
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3. Random subgroups

In this section, we develop the probabilistic tools needed for the proof of Theo-
rem 1. We conclude the section by proving Theorems 1 and 3.

In view of Theorem 2.4, we shall assume in the following that a super strongly
fractal branch profinite group is a group of finite type of depth D for some D ≥ 1.

3.1. Probabilistic independence of sections. First, we show that the sections
of a random element at far enough vertices are independent Haar-random elements:

Lemma 3.1. Let G ≤ Aut(T ) be a super strongly fractal group of finite type of
depth D. For n ≥ D, let V ⊆ Ln be a set of vertices such that they are pairwise not
(D− 1)-cousins. Then, if g is a Haar-random element of G, the sections {g|v}v∈V

form a collection of independent Haar-random elements of G.

Proof. Since the Borel algebra of G is generated by the cone sets, it is enough to
prove that

µ(
⋂
v∈V

φ−1
v (CAv

)) =
∏
v∈V

µ(φ−1
v (CAv

)),

for any m ≥ 1 and any Av ⊆ πm(G) for each v ∈ V .
On the one hand, by Theorem 2.5, taking sections preserves the Haar measure:∏

v∈V

µ(φ−1
v (CAv

)) =
∏
v∈V

µ(CAv
) =

∏
v∈V

#Av

|πm(G)|
.(3.1)

On the other hand, we have

µ(
⋂
v∈V

φ−1
v (CAv

)) =
#{h ∈ πn+m(G) : h|mv ∈ Av for all v ∈ V }

|πn+m(G)|

=
∑

(b,av)∈πn(G)×
∏

v∈V Av

#
{
h ∈ πn+m(G) : h|n∅ = b, h|mv = av ∀v ∈ V

}
|πn+m(G)|

.

First, we show that the map φn,m
V has image

∏
v∈V πm(G). Clearly, the image

of φn,m
V is contained in

∏
v∈V πm(G) as G is self-similar, so let us prove that each

element in
∏

v∈V πm(G) may be realized in the image of φn,m
V . Let (gv)v∈V ∈∏

v∈V πm(G). For each v ∈ V , let v1 ∈ Ln−(D−1) be the unique vertex D− 1 levels
above v. As the vertices in V are pairwise not (D − 1)-cousins, we have v1 = ṽ1 if
and only if v = ṽ for v, ṽ ∈ V . Let us write each v = v1v2, where v2 ∈ T [D−1].

As G is super strongly fractal, for each v ∈ V there exists sv ∈ StG(D− 1) such
that

sv|v2 = gv.

Now, as G is regular branch over StG(D − 1), we have

ψn−D+1(StG(n)) = StG(D − 1)× dn−D+1

· · · × StG(D − 1).

Thus, there exists s ∈ StG(n) such that, for every v ∈ V we have

s|v1 = sv.

Hence
φn,m
V (s) = (s|v)v∈V = (sv|v2)v∈V = (gv)v∈V .
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Now we show that for any tuple (b, av) ∈ πn(G) ×
∏

v∈V Av, we can find an
element h ∈ πn+m(G) such that

h|n∅ = b and h|mv = av for all v ∈ V.(3.2)

Indeed, let g ∈ πn+m(G) such that πn(g) = b. As
∏

v∈V πm(G) is in the image
of φn,m

V , there exists s ∈ πn+m(StG(n)) such that

s|mv = av(g|mv )−1 for all v ∈ V.

Then, setting h := sg, we have

πn(h) = πn(g) = b,

and for each v ∈ V we have

h|mv = (sg)|mv = s|mv · g|mv = av(g|mv )−1g|mv = av

as wanted.
Now, if both h, h̃ satisfy the conditions in Equation (3.2), then h−1h̃ satisfies

both πn(h
−1h̃) = 1 and

(h−1h̃)|mv = 1

for every v ∈ V . In other words, we have the equality of cosets kerφn,m
V h =

kerφn,m
V h̃. Conversely, if k ∈ kerφn,m

V and h satisfies the conditions in Equa-
tion (3.2), then kh also satisfies the conditions in Equation (3.2):

πn(kh) = πn(k) · πn(h) = πn(h) = b

and
(kh)|mv = k|mv · h|mv = av

for each v ∈ V . Therefore

µ(
⋂
v∈V

φ−1
v (CAv

)) =
|πn(G)| ·

∏
v∈V #Av

|πn+m(G)|
· | kerφn,m

V |.(3.3)

Hence, by comparing Equations (3.1) and (3.3), it is enough to prove that

| kerφn,m
V | = |πn+m(G)|

|πm(G)|#V · |πn(G)|
.

This follows from the first isomorphism theorem and the computation of the image
of φn,m

V above:

| kerφn,m
V | = |πn+m(StG(n))|

|φn,m
V (πn+m(StG(n)))|

=
|πn+m(StG(n))|
|πm(G)|#V

=
|πn+m(G)|

|πm(G)|#V · |πn(G)|
.□

Assuming that the group is branch and super strongly fractal, we enjoy of certain
horizontal and vertical independence in the action of the group on the tree. The
vertical independence appears because the action on the first n levels is independent
of the action of the sections at the vertices in V . This can be seen because in
the numerator of Equation (3.3), the term |πn(G)| is independent of the term∏

v∈V #Av. The horizontal independence appears because the different actions
below the vertices V are independent, as in the product

∏
v∈V #Av the terms are

not related.
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3.2. Randomly evaluated words. Now we are in position to prove Theorem 1,
namely that a k-generated random subgroup of a super strongly fractal branch
group is a free group of rank k acting freely on ∂T almost surely. The proof is
similar to Abért’s and Virág’s proof in [2, Proposition 4.1], but with a few more
subtleties, as we only have probabilistic independence of sections at vertices which
are far enough away from each other.

Proof of Theorem 1. First, as G is branch, by Corollary 2.6 we have that k Haar-
random elements of G generate a free subgroup Fk of rank k almost surely. There-
fore, we just need to prove that the action of this subgroup on ∂T is free almost
surely.

For every k ≥ 1 and 1 6= w ∈ Fk, i.e. for w a non-trivial word in k letters, let us
define the set

Aw :=
{
(g1, . . . , gk) ∈ Gk : w(g1, . . . , gk) fixes finitely many vertices in T

}
,

where we view each word w as the corresponding word map w : Gk → G.
As there is only countably many words, it is enough to show that for every k ≥ 1

and every 1 6= w ∈ Fk, the set Aw has measure 1 in Gk, where Gk is equipped
with the normalized product measure µk induced by the Haar measure µ in G.
We do this by induction on the length of w. The base case |w| = 1 follows from
Theorem 2.7. Indeed, in this case w is either x1 or x−1

1 , and then

µ1(Aw) = µ(Aw) = 1− µ(elements in G fixing an end in ∂T )

= 1− FPP(G) = 1,

where the last equality follows from Theorem 2.7 as G is super strongly fractal.
Let us consider w ∈ Fk such that |w| = ℓ. By induction on the word length,

we get µk(Aw̃) = 1 for every w̃ ∈ Fk satisfying that |w̃| ≤ ℓ − 1. Let us write
w = x1 · · ·xℓ. For every 1 ≤ i ≤ ℓ − 1, we further write wi = x1 · · ·xi ∈ Fk.
Clearly, we have |wi| ≤ ℓ − 1, so by the induction hypothesis µk(Awi

) = 1. In
particular, given a random tuple (g1, . . . , gk) there exists some level N ≥ 1 such
that for every 1 ≤ i ≤ ℓ − 1 the evaluation wi(g1, . . . , gk) moves every vertex at
every level n ≥ N .

Let us show that w(g1, . . . , gk) does not fix an end in ∂T almost surely. For that,
it is enough to show that all its sections at level N +D− 1 do not fix an end in ∂T
almost surely. In fact, if w(g1, . . . , gk) fixes an end in ∂T with positive probability,
it must fix a vertex at level N +D − 1 such that its section at that vertex fixes an
end in ∂T with positive probability.

Let v ∈ LN+D−1. Now, for any 1 ≤ i ≤ ℓ− 1, we define vi ∈ T by

vi := v · wi(g1, . . . , gk).

Then, by Equation (2.2) we get

w(g1, . . . , gk)|v = x1|v · x2|v1 · · ·xℓ|vℓ−1
.

Furthermore, by Lemma 2.2, the vertices v1, . . . , vℓ−1 are not pairwise (D − 1)-
cousins, so the elements x1|v, x2|v1 , . . . , xℓ|vℓ−1

are independent Haar-random ele-
ments by Lemma 3.1. Hence w(g1, . . . , gk)|v is a Haar-random element and thus it
does not fix an end in ∂T almost surely by Theorem 2.7. □
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3.3. Fixed-point proportion of random subgroups. We conclude the section
by proving Theorem 3 and Corollary 4.

Recall that if G is a finite group, a section of G is a quotient H/N where H is
a subgroup of G and N is a normal subgroup of H. A profinite group is said to
be topologically finitely generated if it contains a finitely generated dense subgroup.
The following result is proved in [6] (note that there is a typo in the statement as
it should be 2− ζ(s) instead of 1− ζ(s)):

Theorem 3.2 (see [16, Theorem 1]). For every finite group F there is a con-
stant c(F ) such that if G is a finite r-generated group which does not have sections
isomorphic to F , then for all s > 1 such that k = c(F )r + s is an integer, then k
independent random elements of G generate G with probability greater than 2−ζ(s),
where ζ is the Riemann zeta function.

We recall the statement of Theorem 3: Let T be the d-regular rooted tree and
G ≤ Aut(T ) a topologically finitely generated group such that FPP(G) = 0. Then,
a k-generated random subgroup of G has null fixed-point proportion with proba-
bility tending to 1 as k → ∞.

Proof of Theorem 3. As G is topologically finitely generated, there exists a number
r ≥ 1 such that πn(G) is r-generated for all n ≥ 1. As πn(G) ≤ Aut(Tn) for
any n ≥ 1, none of the subgroups πn(G) can have elements of prime order p > d.
Therefore, no section of πn(G) can be isomorphic to Cp, where Cp denotes a cyclic
group of order p. Hence, by Theorem 3.2, we get that k independent Haar-random
elements of πn(G) generate πn(G) with probability greater than 2− ζ(k − c(Cp)r)
for every n ≥ 1. Note that the lower bound 2 − ζ(k − c(Cp)r) does not depend
on n. Since πn is measure-preserving, we conclude that k independent Haar-random
elements generate G (topologically) with probability greater than 2−ζ(k−c(Cp)r).

If Hk is a subgroup of G generated by k independent Haar-random elements,
then

FPP(Hk) = FPP(Hk) = FPP(G) = 0

with probability greater than 2 − ζ(k − c(Cp)r). As k goes to infinity, we have
k − c(Cp)r → +∞ and thus ζ(k − c(Cp)r) → 1, giving the result. □

Let Wp be the group of p-adic automorphisms, i.e. the iterated wreath product
corresponding to the subgroup generated by a p-cycle σ ∈ Sym(p).

Recall now the statement of Corollary 4: If G ≤ Wp is a topologically finitely
generated pro-p group with d generators such that FPP(G) = 0, then, for k ≥ d, a
k-generated random subgroup of G has null fixed-point proportion with probability
at least

d−1∏
j=0

(
1− 1

pk−j

)
.

In particular this probability tends to 1 as k → ∞.

Proof of Corollary 4. For a pro-p group G ≤ Wp, its maximal subgroups are in
one-to-one correspondence with the maximal subgroups of its Frattini quotient
G/Φ(G) ∼= Fd

p. A k-random subgroup generates G topologically if and only if its
closure is not contained in any maximal subgroup of G. By looking at G/Φ(G),
the probability of this happening is precisely the probability of k-random indepen-
dent vectors in Fd

p generating the full space Fd
p. Let us denote this probability by
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P d
p (k). It is clear that P d

p (k) > 0 if and only if k ≥ d, as we need at least d
vectors to generate Fd

p. The problem of having k-random independent vectors in
Fd
p generating Fd

p can be restated as the probability of a random k × d-matrix A

with coefficients in Fp to have rank d. As rank(A) = rank(At), this is equivalent to
finding d-random linearly independent vectors in Fk

p. Therefore

P d
p (k) =

∏d−1
j=0(p

k − pj)

pkd
=

d−1∏
j=0

(
1− 1

pk−j

)
.

As in Theorem 3, we have that the subgroup Hk generated by k Haar-random
elements generates G topologically with probability P d

p (k), in which case we get

FPP(Hk) = FPP(Hk) = FPP(G) = 0.

Finally, note that P d
p (k) → 1 as k → ∞. □

4. Counterexamples

In this section, we show that Theorem 1 does not hold if one drops either the
assumption on the super strong fractality or on the branchness of the group.

4.1. Super strongly fractal groups. Let A ≤ Wp be the super strongly fractal
group in [13, Section 3], i.e. a realization of the elementary p-abelian group

∏
n≥1 Cp

as a super strongly fractal subgroup of Wp. The group A is no more than the group
GS with defining sequence S := {Dpn(σ)}n≥0; see [15, Section 4].

As A is elementary p-abelian, any finitely generated subgroup is finite. This
shows that a k-generated random subgroup Hk of A is isomorphic to Cp × k. . .×Cp

almost surely. Thus, the statement in Theorem 1 does not hold for A. What is
more, as Hk is finite, its fixed point proportion is positive. Indeed

FPP(Hk) = |Hk|−1 > 0

as A acts freely on the boundary of the p-adic tree. However, since A is super
strongly fractal it has null fixed-point proportion by Theorem 2.7. Thus, this
answers [35, Question 7.3] on the negative: there exists a profinite group with
null fixed-point proportion such that a k-generated random subgroup has positive
fixed-point proportion with probability 1.

The same construction above works for any d-regular rooted tree. Indeed, simply
choose σ a d-cycle and S := {Ddn(σ)}n≥0 and consider the group GS instead.

4.2. Groups of finite type. Given T the d-regular rooted tree, recall that we can
see the vertices of T as finite words over the alphabet X := {1, . . . , d}. Identifying
the alphabet X with Z/dZ, consider Q ⊴ P ≤ Sym(d) defined via

P :=
{
x 7→ ax+ b : a ∈ (Z/dZ)×, b ∈ Z/dZ

}
,

and
Q := {x 7→ x+ b : b ∈ Z/dZ}.

Define the group GP
Q ≤ Aut(T ) as

GP
Q :=

{
g ∈ Aut(T ) : g|1v ∈ P and (g|1v)(g|1w)−1 ∈ Q for all v, w ∈ T

}
.

It was proved by the second author in [35, Chapter 6] that the group GP
Q cor-

responds to the iterated Galois group of the polynomial xd + 1 over Q; for the
definition of an iterated Galois group, see for instance [35, Section 2.5].
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The group GP
Q is not super strongly fractal as the labels of StGP

Q
(n) all lie in Q

for any n ≥ 1 but GP
Q contains elements with labels in P \ Q, so φv(StGP

Q
(n)) is

strictly contained in GP
Q for any n ≥ 1 and v ∈ Ln. However, the group GP

Q is
a group of finite type by [35, Proposition 4.2]. In particular, GP

Q is closed and
regular branch. Moreover, it is also proved in [35, Section 5.1] that GP

Q has positive
fixed-point proportion for d odd. This implies that a random subgroup does not
act freely on the boundary ∂T with probability 1.
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